Abstract. In this paper we establish several integration by parts formulas involving integral transforms of functionals of the form F (y) = f ( θ 1 , y , . . . , θn, y ) for s-a.e. y ∈ C 0 [0, T ], where θ, y denotes the Riemann-Stieltjes integral T 0 θ(t) dy(t).
Introduction and definitions
In a unifying paper [9] , Lee defined an integral transform F α,β of analytic functionals on an abstract Wiener space. For certain values of the parameters α and β and for certain classes of functionals, the Fourier-Wiener transform [2] , the Fourier-Feynman transform [3] and the Gauss transform are special cases of his integral transform F α,β . In [5] , Chang, Kim and Yoo established an interesting relationship between the integral transform and the convolution product for functionals on an abstract Wiener space. In this paper we establish several integration by parts formulas involving integral transforms, convolution products, and the first variations of functionals of the form F (y) = f ( θ 1 , y , . . . , θ n , y ) for s-a.e. 
F (x) m(dx).
Let α and β be nonzero complex numbers. Next we state the definitions of the integral transform F α,β F , the convolution product (F * G) α and the first variation δF for functionals defined on K = K[0, T ], the space of complexvalued continuous functions defined on [0, T ] which vanish at t = 0. Definition 1.1. Let F be a functional defined on K. Then the integral transform F α,β F of F is defined by
if it exists [5, 7, 8, 9] . Definition 1.2. Let F and G be functionals defined on K. Then the convolution product (F * G) α of F and G is defined by [5, 6, 7, 13, 14] .
Let F be a functional defined on K and let w ∈ K. Then the first variation δF of F is defined by [1, 4, 7, 11] .
where Var(θ j , [0, T ]) denote the total variation of θ j on [0, T ]. Next we describe the class of functionals which is related to this paper. For 0 ≤ σ < 1, let E σ be the space of all functionals F : K → C of the form
for some positive integer n, where f ( λ) = f (λ 1 , . . . , λ n ) is an entire function of the n complex variables λ 1 , . . . , λ n of exponential type; that is to say,
for some positive constants A F and B F , where
In addition we use the notation
where [2, 5, 6, 7, 9, 11, 13, 14] and for a detailed survey of previous work see [12] .
Integration by parts formulas
We begin this section by introducing three existence theorems for the integral transform, the convolution product and the first variation of functionals in E σ are established in [7] . Although they considered only for functionals in E 0 in [7] , as they commented in Remark 5.6 of their paper, their results can be extended for functionals in E σ .
Theorem 2.1. Let F ∈ E σ be given by (1.7) . Then the integral transform F α,β F exists, belongs to E σ and is given by the formula
for y ∈ K, where
where
Theorem 2.2. Let F, G ∈ E σ be given by (1.7) with corresponding entire functions f and g, respectively. Then the convolution (F * G) α exists, belongs to E σ and is given by the formula
Furthermore, as a function of y ∈ K, δF (y|w) is an element of E σ . Now we state some observations which we use later in this paper. First of all, equation (1.2) implies that
for all y ∈ K. Next, a direct calculation using (1.4), (1.2), (2.5) and (2.7) shows that
for all y and w in K. Finally, by similar calculations, we obtain that
for all y and w in K, and for all y ∈ K,
The following theorem plays a key role throughout this paper. In this theorem the Wiener integral of the first variation of functional F is expressed in terms of the Wiener integral of F multiplied by a linear factor. Theorem 2.4. Let F ∈ E σ be given by (1.7) and w ∈ A, then (2.11)
Using the Gram-Schmit process we can find an orthonormal set {θ 1 
, where
Then by the Wiener integration formula
If we evaluate the last integral with respect to u n+1 , we obtain
On the other hand, since w ∈ A ⊂ K, by Theorem 2.3
Hence by the Wiener integration formula
Note that for each j = 1, . . . , n, the integration by parts formula yields
But since f is of exponential type, the double limit in the last equation is equal to 0 and so
and this completes the proof.
In our next theorem we obtain an integration by parts formula for the products of functionals in E σ . Theorem 2.5. Let F, G ∈ E σ be given by (1.7) with corresponding entire functions f and g, respectively. Then for w ∈ A, we have the following integration by parts formula. (2.12)
Thus equation (2.12) follows from Theorem 2.4.
By choosing G = F in Theorem 2.5, we obtain the following corollary. Corollary 2.6. Let F ∈ E σ be given by (1.7). Then for each w ∈ A, (2.13)
As we saw in Theorem 2.3 above if F belongs to E σ , then δF (y|w 1 ) also belongs to E σ as a function of y. Thus if we replace G(y) with δF (y|w 1 ) in Theorem 2.5, then we have the following corollary.
Corollary 2.7. Let F ∈ E σ be given by (1.7). Then for each w 1 , w 2 ∈ A,
14)
As we saw in Theorem 2.1 above if G belongs to E σ , then F α,β G also belongs to E σ . Thus if we replace G with F α,β G in Theorem 2.5, then we have the following corollary.
Corollary 2.8. Let F, G ∈ E σ be given as in Theorem 2.5. Then for each w ∈ A,
By replacing F and G by F α,β F and F α,β G, respectively, in Theorem 2.5, we obtain the following corollary.
Corollary 2.9. Let F, G ∈ E σ be as in Theorem 2.5. Then for each w ∈ A,
Various integration formulas and examples
In this section we establish various integration formulas involving integral transforms, convolution products and first variations. Furthermore we give some examples to illustrate the integration formulas in this paper.
In [7] , Kim, Kim and Skoug established various relationships holding among F α,β F , F α,β G, (F * G) α , δF and δG. From these relationships and the results in Section 2 above, we can establish various integration formulas.
From Theorem 2.4 above we know that the Wiener integral of the first variation of functional F ∈ E σ is expressed in terms of the Wiener integral of F multiplied by a linear factor. On the other hand, some of the formulas, for example, Formulas 3.3, 3.5, 4.1, 4.2, and 5.2 in [7] give us the expressions of the first variation of various functionals. Hence it is easy to obtain the following formulas (3.1) through (3.7) below. We just state the formulas without proofs.
Let w ∈ A with w(t) = t 0 z(s)ds for some z ∈ L 2 [0, T ] throughout this section. The paper [7] was concerned with the class E 0 . But as commented in Remark 5.6 of that paper, all the formulas in [7] still true for functionals in E σ . Hence we will assume that F ∈ E σ in Formula 3.1 through Formula 3.6 and Corollary 3.7 below. Formula 3.1. From Formula 3.3 of [7] , we have
Formula 3.2. From Formula 3.5 of [7] , we have
Formula 3.3. From Formula 4.1 of [7] , we have
and if F = G,
Formula 3.4. From Formula 4.2 of [7] , we have
(3.6) Formula 3.5. From Formula 5.2 of [7] we have,
Using the equations (2.7) through (2.9) we obtain the following integration formula for the Wiener integral of the integral transform with respect to the first argument of the variation. Formula 3.6. For F ∈ E σ we have (3.8)
Proof. By (2.8) and Theorem 2.4 we have
Similarly by (2.9) and Theorem 2.4 we have
y m(dy).
Thus we have the above formula (3.8).
We next obtain an integration formula for functionals which is a product of elements of E σ by some linear factors.
Corollary 3.7. Let k be a natural number and let
Then we have the following integral equation.
Proof. To prove this theorem we simply take the first variation of the
Hence we have
But by Theorem 2.4,
We finish this section by giving some examples for the illustration of the integration by parts formulas. 
Since the constant functional G ≡ 1 belongs to E σ and its first variation equals to zero, Theorem 2.5 yields the following. Examples 3.8 through 3.11 are interesting to note that we can obtain the Wiener integrals on the left hand side of (3.10) through (3.13) by using Theorem
